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Microstructure : une caractéristique clé du manteau
neigeux.

F Flin et al

(a) (b)

Figure 1. Image processing: a grey level original plane (a) and the same plane with the resulting contouring obtained (b), without manual
corrections. The precision of the contour was estimated to ±3 voxels.

Figure 2. Metamorphism model applied on simulated data. Image
edge: 64 voxels.

4.1. Validation on simulated data

The qualitative soundness of the model can be assessed by
testing the well-known effects of isothermal metamorphism:
edge smoothing and growth on concavities can be respectively
observed in figures 2(a) and (b). The growth of the largest
grains thanks to the smallest ones can be seen in figure 2(c).
The problem of neck growth or removal is addressed in
figures 2(d) and (e). The evolution of a neck is directly related
to its initial size. Note that it is a typical three-dimensional
phenomenon: in two dimensions, a neck is always growing,
whatever its size is.

In most simulations some instabilities appear at long
timescales (see the end of simulation 2(d)). This is due
to the used curvature algorithm, which may not take into
account the curvature discrepancy on small neighbourhoods.
A new curvature algorithm is now in progress to solve this
problem.

(a)

(b)

Figure 3. First (a) and last (b) stages of the isothermal experiment:
grains are clearly growing and rounding during the metamorphism.
Image edges are 256 voxel (∼2.5 mm) wide.

4.2. Validation on real data

In figure 4(a) are presented some stages given by the
metamorphism model when applied on a capped column which

A52

Flin et al. (2003)

Géométrie :

Types de neige
(formes),

Connectivité,

Tortuosité,

Courbure,

Surface spécifique
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Rémi GRANGER Stage de Master 2



3/25

Introduction
Analyse de BD-NIV et MEPRA

Interprétation des signaux de résistance à l’enfoncement
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Pénétromètrie

Sonde de battage Snow MicroPen
(SMP)

Tests classiques
(Sonde de battage)

Rapide (Pas besoin
de creuser)

Sonde de battage :
robuste et simple

SMP : précision,
signal riche
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Liens avec la géométrie ?

A quoi la résistance à l’enfoncement est-elle sensible ?

Contribution de la haute résolution ?
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2 jeux de données :

Base de Données NIVologique
(BD-NIV)

Large

Variables usuelles

Observations opérationnelles

Propres données de terrain

Observations usuelles

SMP, SP2

SSA par méthodes optiques :
DUFISSS, ASSSAP

Masse volumique à plus
haute résolution

Meilleures connaissances des
conditions d’observations
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Descriptions de BD-NIV et MEPRA
Analyse de facteurs
Comparaison MEPRA/BD-NIV

BD-NIV : Base de Données NIVologique

Géométrie

Types de grains

Taille observée

Masse
volumique

Température, TEL ?
←→

Résistance à l’enfon-
cement

Résistance au
battage

Dureté
manuelle (HH)

BD-NIV : observations classiques du manteau neigeux

Jeu de donnée important ( ' 400 000 couches)

Longue période (1983 - 2014), par pisteurs principalement

⇒ Statistiquement représentatif
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Descriptions de BD-NIV et MEPRA
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MEPRA : Modèle Expert d’Aide à la Prévision du Risque
d’Avalanche

Géométrie

Types de grains

Taille observée

Masse
volumique

Température, TEL ?
←→

Résistance à l’enfon-
cement

Résistance au
battage

Dureté
manuelle (HH)

MEPRA

Relie déjà ces variables (mais pour la prévision du risque)

Observabilité de ces liens dans la BD-NIV ?

Améliorations éventuelles de ces relations ?
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Descriptions de BD-NIV et MEPRA
Analyse de facteurs
Comparaison MEPRA/BD-NIV

Analyse de facteurs : qu’est-ce qui différencie les couches
dans la BD-NIV ?

Analyse statistique pour comprendre la structure d’un jeu de
données

Extrait les traits caractéristiques de la neige

Décrit traits à travers leurs corélations avec les variables
mesurables
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Conclusion
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Analyse de facteurs
Comparaison MEPRA/BD-NIV

Analyse de facteur : procédure utilisée

Var 1

Var 2

1 Factorisation par composante
principale : ajustement d’une
ellipsöıde au nuage de points

2 Sélection des axes les plus longs
(c.-à-d. avec une variance expliquée
significative 1)

3 Expression de ces ”facteurs” en
termes de variables d’origines
(coefficient de corrélation).
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Analyse de facteur : procédure utilisée

F1

F2

Var 1

Var 2
1 Factorisation par composante

principale : ajustement d’une
ellipsöıde au nuage de points

2 Sélection des axes les plus longs
(c.-à-d. avec une variance expliquée
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1 Factorisation par composante
principale : ajustement d’une
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Résultats de l’analyse de facteurs

Pour tous les types de neige : 2 facteurs obtenus

La résistance à l’enfoncement co-
varie avec ρ et HH (dureté ma-
nuelle), mais pas avec la taille (φ)
comme archivée dans la BD-NIV
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Descriptions de BD-NIV et MEPRA
Analyse de facteurs
Comparaison MEPRA/BD-NIV

Grains fins

Une relation linéaire à seuil telle que présente dans MEPRA permet
de reproduire l’évolution générale.
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Descriptions de BD-NIV et MEPRA
Analyse de facteurs
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Faces planes ou faces planes/givre de profondeur

MEPRA : résistance au battage = f(ρ, taille).
BD-NIV : résistance au battage = f(ρ).
→ Pertinence de la taille des grains observée à l’oeil ? Est-ce une
variable informative ? → Si oui, pertinence de la règle ?
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État de l’art
Campagne de mesures de terrain
Résultats

4 Conclusion

Rémi GRANGER Stage de Master 2



14/25

Introduction
Analyse de BD-NIV et MEPRA

Interprétation des signaux de résistance à l’enfoncement
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Signal SMP

Fig. 3. Snow profile from January 9, 2002: serial sample containing two crusts (black is ice). The black vertical bars on the left mark the layers

as they are depicted from the planar sections. Their interruptions mark the layer boundaries. This is an example where the stratigraphy

established by hand hardness agrees with the planar section. Snow texture and hardness gradients at layer boundaries are calculated from the

micro penetrometer hardness signal.

C. Pielmeier, M. Schneebeli / Cold Regions Science and Technology 37 (2003) 393–405400

Pielmeier and Schneebeli (2003)

Résistance en fonction de la
profondeur

250 mesures/mm

Signal riche : a priori
contient des informations
physiques

But : extraire ces informations
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Modèle bruit de grenaille : (Löwe and van Herwijnen
(2012))

approach of Johnson and Schneebeli (1999). To this end we show that a
slight generalization of the currently accepted model implies a penetra-
tion force which can be interpreted as a Poisson shot noise process.
This well-known stochastic process is amenable to an analytical treat-
ment which allows us to estimate the micromechanical model parame-
ters by matching theoretical expression and experimental estimates
for the mean, the variance and the covariance (or likewise the semi-
variogram) of the force signal. Within this model our procedure pro-
vides a theoretical explanation why the statistical descriptors used in
Satyawali and Schneebeli (2010) are useful measures for a snow clas-
sification scheme and how they are related to the micromechanical
parameters used in Marshall and Johnson (2009). Though our pro-
posed procedure is a priori applicable to arbitrary sizes of structural
elements we show that the accuracy of parameter estimation is in-
deed influenced by the spatial resolution of the SMP signal. Finally
we apply our method to a real snow profile containing various layers
and discuss the potential of our work to unify different previous ap-
proaches to develop a snow classification scheme which is based on
snow penetration resistance.

2. Stochastic micromechanical model

2.1. Poisson shot noise process representation of the SMP force

We start from the micromechanical model introduced by Johnson
and Schneebeli (1999) which is based on the assumption that the
SMP force signal is a superposition of spatially uncorrelated, elastic
deflections and brittle failures of individual snow microstructural el-
ements. In the present study we mainly focus on the mathematical
implications of these assumptions.

Three basic parameters are commonly derived from the penetration
resistance measurements (Fig. 1): the rupture strength f, the deflection
at rupture δ and the element size L which is the average distance be-
tween neighboring elements. In order to relate this simple one dimen-
sional force characteristic to the three dimensional situation below
the SMP cone, additional assumptions for the spatial distribution of ele-
ments are required. A penetrometer with (projected) cone area A, mov-
ing vertically over a distance H penetrates a volume V=AH. If the
volume contains structural elements ofmean size L the average number
of elements in the volume isN ¼ AH=L3. Johnson and Schneebeli (1999)
assume an almost regular assembly of structural elements as shown
schematically in the 2d vertical section on the left in Fig. 2.

Within each vertical column, the sequence of elements is strictly
periodic in L. The randomness emerges from the assumption that in
each column the distance of the topmost element to the penetrome-
ter is a random variable which is distributed uniformly in [0, L]. In
the following we drop the assumption of regular arrays and assume

that elements are distributed randomly in the volume V as schemati-
cally shown on the right hand side in Fig. 2. More precisely, we as-
sume that the positions of the elements are drawn from a
homogeneous Poisson point process in 3d space (Mecke and Stoyan,
2000) which rigorously implements the loose idea of placing N ele-
ments “completely at random” in a volume V. Note that the random
positioning of elements does not account for the steric exclusion of
neighboring elements, i.e. elements can overlap. The point process
is uniquely characterized by its number density or intensity λ3d

which is related to the expected number of elementsN in the volume
V by N ¼ λ3dV ¼ λ3dAH.

It is further assumed in (Johnson and Schneebeli, 1999) that any
element in V contributes to the response solely by its deflection in z
direction. The force–deflection characteristic of a single element fol-
lows an ideal elastic–brittle behavior which can be cast into

F zð Þ ¼
f
δ
z 0 b z b δ

0; otherwise

:

8
><

>:
ð1Þ

Therefore the superposition signal, i.e. the total force FT(z)
recorded by the SMP, depends solely on the z coordinates of the ele-
ments in V. We can therefore restrict ourselves to a one dimensional
point process with intensity λ :¼ N=H ¼ λ3dA.

Following Johnson and Schneebeli (1999) we define the element
size L as the mean distance between two neighboring elements in
the volume via NL3 ¼ AH. Thus the mean distance L between neigh-
boring elements in 3d space and the intensity of the 1d point process
are related by

λ ¼ A
L3

: ð2Þ

The total SMP force is the superposition of mechanical responses
of all elements in the volume V=AH and can be written as

FT zð Þ ¼ ∑
N

n¼1
F z−znð Þ; ð3Þ

where the single element contributions F(z) are characterized by (1)
and the random positions zn are drawn from a 1d Poisson point pro-
cess with intensity λ which is related to the average distance L be-
tween elements via Eq. (2).

The formal representation (3) reveals that our stochastic model of
the SMP signal can be regarded as a so called shot noise process (e.g.
Papoulis, 1984). Shot noise is usually employed to describe the fluctu-
ations in a time series due to the random arrivals of signal carriers
such as the emission of photons in a laser source. Due to the absence
of spatial correlations, many statistical properties can be calculated
analytically.

2.2. Distributions of rupture strengths

We make an additional generalization of the model by allowing
the rupture strength f to be a random variable itself. We assume
that f is statistically independent of the Poisson process and charac-
terized by a probability density ps(f). Averages over the strength dis-
tribution are denoted by 〈 •〉=∫df (•) ps(f).

We consider two different cases of strength distributions. First we
consider the deterministic case of uniform rupture strengths which
can be recovered by a Dirac distribution

p Dð Þ
s fð Þ ¼ δ f−f0ð Þ: ð4Þ

Second, we consider the more realistic case of fluctuating rupture
strengths. From a practical point of view any distribution restricted to
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Fig. 1. Schematic representation of the three basic structural parameters in SMP sig-
nals: structural element size L, rupture force f and deflection at rupture δ. (For interpre-
tation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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in (Marshall and Johnson, 2009). In contrast, the signal inversion in-
troduced in the previous section can a priori be applied to all values
of parameters. This will be demonstrated below for element sizes
down to L=0.1 mm.

4. Simulations of model SMP signals

4.1. Simulations of shot noise processes

To provide some confidence for our analytical solution and test
our method of parameter estimation we first employ simulations
of shot noise processes as idealized SMP signals. If not stated oth-
erwise we use the true spatial resolution ε=4 μm of the SMP and
the effective cone area A=19.6 mm2 is fixed such that element
size and the intensity of the point process can always be related
by λ=A/L3.

We simulated a single realization of the shot noise process (3) on
a finite spatial domain of size H=50 mm for various parameter tri-
ples. The number of elements N in each realization was drawn from
a Poisson distribution with mean λH and the positions of the ele-
ments are independent, identically distributed random variables on
[0, H]. For each element the strength f0 is subsequently drawn from
the strength distributions (4),(5). For uniform rupture strengths we
conducted 128 simulations for all combinations of parameters taken
from f0=0.1, 0.2, 0.3, 0.4N, δ=0.1, 0.2, 0.3, 0.4 mm and λ=6, 9, 15,
27, 57, 157, 726, 19600 mm−1 (L≈0.1, 0.3, … 1.5 mm). For fluctuat-
ing rupture strengths the same values are used together with α=10.

A qualitative overview of the signal forms for uniform rupture
strengths and different values of L is given in Fig. 4. While for high
L=1.5 mm individual peaks of the ideal elastic–brittle response are
clearly visible, a low value of L=0.1 mm gives rise to an apparent
continuous signal. For comparability the signals have been normal-
ized by their mean and variance. The signals for fluctuating rupture
strengths are very similar.

The correctness of Eq. (7) is revealed by Fig. 5 for both probability
distributions, ps(D) from Eq. (4) in the case of uniform rupture
strengths and ps(G) from Eq. (5) in the case of a Gamma distributed
rupture strengths.

In addition we simulated 100 realization of a shot noise process
for λ=157 mm−1, δ=0.1 mm, f0=0.2 N on spatial domains of
length H=10 mm for different spatial resolutions ε=1, 4, 16 μm.
The resolution of the SMP corresponds to ε=4 μm. The results of
the covariance averaged over all realizations in the case of uniform
rupture strengths are plotted in Fig. 6. The exact result Eq. (10) is rea-
sonably well approached at higher spatial resolution. The same qual-
ity of convergence is attained for fluctuating rupture strengths.

4.2. Parameter estimation for shot noise processes

In a second step we test the recipe of parameter estimation intro-
duced in the previous section on the simulated shot noise signals. In
practice parameters are commonly estimated by applying moving
window to the SMP force signal. We therefore subdivided the
50 mm signals into non-overlapping intervals of size w=1, 5,
10 mm. For uniform rupture strengths the parameter estimates are
shown in Fig. 7. These results reveal the statistical limitations of sim-
ulated signals when analyzed in small windows and suggests that e.g.
the intensity λ of the shot noise process is generally overestimated, in

0.5 1 1.5 2
0

10

20

30

40

50

60

70

80

90

L (mm)

n d
et

(4
ε,

 A
/ L

3 )

ε=4 µm
ε=0 µm
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1.2 1.4 1.6 1.8
−2

−1

0

1

2

3

4

5

z (mm)

( 
F

T
(z

)−
κ 1

)/
κ 

2

L=1.5mm
L=0.7mm
L=0.1mm

1/
2

Fig. 4. Overview of normalized simulated force signals obtained for different intensities
λwith uniform rupture strengths. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

10−2 100 102 104
10−2

100

102

104

κ1 simulated (N)

κ 1
 e

xa
ct

 (
N

)

p
s
(D)

p
s
(G)

(a)

10−4 10−2 100 102 104
10−4

10−2

100

102

104

κ2 simulated (N2)

κ 2
 e

xa
ct

 (
N

2 )

p
s
(D)

p
s
(G)

(b)

Fig. 5. Comparison of the cumulants obtained from simulations with the exact value
from Eq. (7). (a) Mean force (n=1). (b) Variance (n=2). All parameter combinations
for uniform and fluctuating rupture are shown. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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approach of Johnson and Schneebeli (1999). To this end we show that a
slight generalization of the currently accepted model implies a penetra-
tion force which can be interpreted as a Poisson shot noise process.
This well-known stochastic process is amenable to an analytical treat-
ment which allows us to estimate the micromechanical model parame-
ters by matching theoretical expression and experimental estimates
for the mean, the variance and the covariance (or likewise the semi-
variogram) of the force signal. Within this model our procedure pro-
vides a theoretical explanation why the statistical descriptors used in
Satyawali and Schneebeli (2010) are useful measures for a snow clas-
sification scheme and how they are related to the micromechanical
parameters used in Marshall and Johnson (2009). Though our pro-
posed procedure is a priori applicable to arbitrary sizes of structural
elements we show that the accuracy of parameter estimation is in-
deed influenced by the spatial resolution of the SMP signal. Finally
we apply our method to a real snow profile containing various layers
and discuss the potential of our work to unify different previous ap-
proaches to develop a snow classification scheme which is based on
snow penetration resistance.

2. Stochastic micromechanical model

2.1. Poisson shot noise process representation of the SMP force

We start from the micromechanical model introduced by Johnson
and Schneebeli (1999) which is based on the assumption that the
SMP force signal is a superposition of spatially uncorrelated, elastic
deflections and brittle failures of individual snow microstructural el-
ements. In the present study we mainly focus on the mathematical
implications of these assumptions.

Three basic parameters are commonly derived from the penetration
resistance measurements (Fig. 1): the rupture strength f, the deflection
at rupture δ and the element size L which is the average distance be-
tween neighboring elements. In order to relate this simple one dimen-
sional force characteristic to the three dimensional situation below
the SMP cone, additional assumptions for the spatial distribution of ele-
ments are required. A penetrometer with (projected) cone area A, mov-
ing vertically over a distance H penetrates a volume V=AH. If the
volume contains structural elements ofmean size L the average number
of elements in the volume isN ¼ AH=L3. Johnson and Schneebeli (1999)
assume an almost regular assembly of structural elements as shown
schematically in the 2d vertical section on the left in Fig. 2.

Within each vertical column, the sequence of elements is strictly
periodic in L. The randomness emerges from the assumption that in
each column the distance of the topmost element to the penetrome-
ter is a random variable which is distributed uniformly in [0, L]. In
the following we drop the assumption of regular arrays and assume

that elements are distributed randomly in the volume V as schemati-
cally shown on the right hand side in Fig. 2. More precisely, we as-
sume that the positions of the elements are drawn from a
homogeneous Poisson point process in 3d space (Mecke and Stoyan,
2000) which rigorously implements the loose idea of placing N ele-
ments “completely at random” in a volume V. Note that the random
positioning of elements does not account for the steric exclusion of
neighboring elements, i.e. elements can overlap. The point process
is uniquely characterized by its number density or intensity λ3d

which is related to the expected number of elementsN in the volume
V by N ¼ λ3dV ¼ λ3dAH.

It is further assumed in (Johnson and Schneebeli, 1999) that any
element in V contributes to the response solely by its deflection in z
direction. The force–deflection characteristic of a single element fol-
lows an ideal elastic–brittle behavior which can be cast into

F zð Þ ¼
f
δ
z 0 b z b δ

0; otherwise

:

8
><

>:
ð1Þ

Therefore the superposition signal, i.e. the total force FT(z)
recorded by the SMP, depends solely on the z coordinates of the ele-
ments in V. We can therefore restrict ourselves to a one dimensional
point process with intensity λ :¼ N=H ¼ λ3dA.

Following Johnson and Schneebeli (1999) we define the element
size L as the mean distance between two neighboring elements in
the volume via NL3 ¼ AH. Thus the mean distance L between neigh-
boring elements in 3d space and the intensity of the 1d point process
are related by

λ ¼ A
L3

: ð2Þ

The total SMP force is the superposition of mechanical responses
of all elements in the volume V=AH and can be written as

FT zð Þ ¼ ∑
N

n¼1
F z−znð Þ; ð3Þ

where the single element contributions F(z) are characterized by (1)
and the random positions zn are drawn from a 1d Poisson point pro-
cess with intensity λ which is related to the average distance L be-
tween elements via Eq. (2).

The formal representation (3) reveals that our stochastic model of
the SMP signal can be regarded as a so called shot noise process (e.g.
Papoulis, 1984). Shot noise is usually employed to describe the fluctu-
ations in a time series due to the random arrivals of signal carriers
such as the emission of photons in a laser source. Due to the absence
of spatial correlations, many statistical properties can be calculated
analytically.

2.2. Distributions of rupture strengths

We make an additional generalization of the model by allowing
the rupture strength f to be a random variable itself. We assume
that f is statistically independent of the Poisson process and charac-
terized by a probability density ps(f). Averages over the strength dis-
tribution are denoted by 〈 •〉=∫df (•) ps(f).

We consider two different cases of strength distributions. First we
consider the deterministic case of uniform rupture strengths which
can be recovered by a Dirac distribution

p Dð Þ
s fð Þ ¼ δ f−f0ð Þ: ð4Þ

Second, we consider the more realistic case of fluctuating rupture
strengths. From a practical point of view any distribution restricted to
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Fig. 1. Schematic representation of the three basic structural parameters in SMP sig-
nals: structural element size L, rupture force f and deflection at rupture δ. (For interpre-
tation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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in (Marshall and Johnson, 2009). In contrast, the signal inversion in-
troduced in the previous section can a priori be applied to all values
of parameters. This will be demonstrated below for element sizes
down to L=0.1 mm.

4. Simulations of model SMP signals

4.1. Simulations of shot noise processes

To provide some confidence for our analytical solution and test
our method of parameter estimation we first employ simulations
of shot noise processes as idealized SMP signals. If not stated oth-
erwise we use the true spatial resolution ε=4 μm of the SMP and
the effective cone area A=19.6 mm2 is fixed such that element
size and the intensity of the point process can always be related
by λ=A/L3.

We simulated a single realization of the shot noise process (3) on
a finite spatial domain of size H=50 mm for various parameter tri-
ples. The number of elements N in each realization was drawn from
a Poisson distribution with mean λH and the positions of the ele-
ments are independent, identically distributed random variables on
[0, H]. For each element the strength f0 is subsequently drawn from
the strength distributions (4),(5). For uniform rupture strengths we
conducted 128 simulations for all combinations of parameters taken
from f0=0.1, 0.2, 0.3, 0.4N, δ=0.1, 0.2, 0.3, 0.4 mm and λ=6, 9, 15,
27, 57, 157, 726, 19600 mm−1 (L≈0.1, 0.3, … 1.5 mm). For fluctuat-
ing rupture strengths the same values are used together with α=10.

A qualitative overview of the signal forms for uniform rupture
strengths and different values of L is given in Fig. 4. While for high
L=1.5 mm individual peaks of the ideal elastic–brittle response are
clearly visible, a low value of L=0.1 mm gives rise to an apparent
continuous signal. For comparability the signals have been normal-
ized by their mean and variance. The signals for fluctuating rupture
strengths are very similar.

The correctness of Eq. (7) is revealed by Fig. 5 for both probability
distributions, ps(D) from Eq. (4) in the case of uniform rupture
strengths and ps(G) from Eq. (5) in the case of a Gamma distributed
rupture strengths.

In addition we simulated 100 realization of a shot noise process
for λ=157 mm−1, δ=0.1 mm, f0=0.2 N on spatial domains of
length H=10 mm for different spatial resolutions ε=1, 4, 16 μm.
The resolution of the SMP corresponds to ε=4 μm. The results of
the covariance averaged over all realizations in the case of uniform
rupture strengths are plotted in Fig. 6. The exact result Eq. (10) is rea-
sonably well approached at higher spatial resolution. The same qual-
ity of convergence is attained for fluctuating rupture strengths.

4.2. Parameter estimation for shot noise processes

In a second step we test the recipe of parameter estimation intro-
duced in the previous section on the simulated shot noise signals. In
practice parameters are commonly estimated by applying moving
window to the SMP force signal. We therefore subdivided the
50 mm signals into non-overlapping intervals of size w=1, 5,
10 mm. For uniform rupture strengths the parameter estimates are
shown in Fig. 7. These results reveal the statistical limitations of sim-
ulated signals when analyzed in small windows and suggests that e.g.
the intensity λ of the shot noise process is generally overestimated, in

0.5 1 1.5 2
0

10

20

30

40

50

60

70

80

90

L (mm)

n d
et

(4
ε,

 A
/ L

3 )

ε=4 µm
ε=0 µm

Fig. 3. Comparison of the expected number of detected elements from peak counting
for the limiting case of spatial resolution ε=0 (dashed curve) and for the actual SMP
resolution ε=4 μm (solid line).

1.2 1.4 1.6 1.8
−2

−1

0

1

2

3

4

5

z (mm)

( 
F

T
(z

)−
κ 1

)/
κ 

2

L=1.5mm
L=0.7mm
L=0.1mm

1/
2

Fig. 4. Overview of normalized simulated force signals obtained for different intensities
λwith uniform rupture strengths. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

10−2 100 102 104
10−2

100

102

104

κ1 simulated (N)

κ 1
 e

xa
ct

 (
N

)

p
s
(D)

p
s
(G)

(a)

10−4 10−2 100 102 104
10−4

10−2

100

102

104

κ2 simulated (N2)

κ 2
 e

xa
ct

 (
N

2 )

p
s
(D)

p
s
(G)

(b)

Fig. 5. Comparison of the cumulants obtained from simulations with the exact value
from Eq. (7). (a) Mean force (n=1). (b) Variance (n=2). All parameter combinations
for uniform and fluctuating rupture are shown. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

5H. Löwe, A. van Herwijnen / Cold Regions Science and Technology xxx (2011) xxx–xxx

Please cite this article as: Löwe, H., van Herwijnen, A., A Poisson shot noise model for micro-penetration of snow, Cold Reg. Sci. Technol.
(2011), doi:10.1016/j.coldregions.2011.09.001

Résistance : ruptures
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approach of Johnson and Schneebeli (1999). To this end we show that a
slight generalization of the currently accepted model implies a penetra-
tion force which can be interpreted as a Poisson shot noise process.
This well-known stochastic process is amenable to an analytical treat-
ment which allows us to estimate the micromechanical model parame-
ters by matching theoretical expression and experimental estimates
for the mean, the variance and the covariance (or likewise the semi-
variogram) of the force signal. Within this model our procedure pro-
vides a theoretical explanation why the statistical descriptors used in
Satyawali and Schneebeli (2010) are useful measures for a snow clas-
sification scheme and how they are related to the micromechanical
parameters used in Marshall and Johnson (2009). Though our pro-
posed procedure is a priori applicable to arbitrary sizes of structural
elements we show that the accuracy of parameter estimation is in-
deed influenced by the spatial resolution of the SMP signal. Finally
we apply our method to a real snow profile containing various layers
and discuss the potential of our work to unify different previous ap-
proaches to develop a snow classification scheme which is based on
snow penetration resistance.

2. Stochastic micromechanical model

2.1. Poisson shot noise process representation of the SMP force

We start from the micromechanical model introduced by Johnson
and Schneebeli (1999) which is based on the assumption that the
SMP force signal is a superposition of spatially uncorrelated, elastic
deflections and brittle failures of individual snow microstructural el-
ements. In the present study we mainly focus on the mathematical
implications of these assumptions.

Three basic parameters are commonly derived from the penetration
resistance measurements (Fig. 1): the rupture strength f, the deflection
at rupture δ and the element size L which is the average distance be-
tween neighboring elements. In order to relate this simple one dimen-
sional force characteristic to the three dimensional situation below
the SMP cone, additional assumptions for the spatial distribution of ele-
ments are required. A penetrometer with (projected) cone area A, mov-
ing vertically over a distance H penetrates a volume V=AH. If the
volume contains structural elements ofmean size L the average number
of elements in the volume isN ¼ AH=L3. Johnson and Schneebeli (1999)
assume an almost regular assembly of structural elements as shown
schematically in the 2d vertical section on the left in Fig. 2.

Within each vertical column, the sequence of elements is strictly
periodic in L. The randomness emerges from the assumption that in
each column the distance of the topmost element to the penetrome-
ter is a random variable which is distributed uniformly in [0, L]. In
the following we drop the assumption of regular arrays and assume

that elements are distributed randomly in the volume V as schemati-
cally shown on the right hand side in Fig. 2. More precisely, we as-
sume that the positions of the elements are drawn from a
homogeneous Poisson point process in 3d space (Mecke and Stoyan,
2000) which rigorously implements the loose idea of placing N ele-
ments “completely at random” in a volume V. Note that the random
positioning of elements does not account for the steric exclusion of
neighboring elements, i.e. elements can overlap. The point process
is uniquely characterized by its number density or intensity λ3d

which is related to the expected number of elementsN in the volume
V by N ¼ λ3dV ¼ λ3dAH.

It is further assumed in (Johnson and Schneebeli, 1999) that any
element in V contributes to the response solely by its deflection in z
direction. The force–deflection characteristic of a single element fol-
lows an ideal elastic–brittle behavior which can be cast into

F zð Þ ¼
f
δ
z 0 b z b δ

0; otherwise

:

8
><

>:
ð1Þ

Therefore the superposition signal, i.e. the total force FT(z)
recorded by the SMP, depends solely on the z coordinates of the ele-
ments in V. We can therefore restrict ourselves to a one dimensional
point process with intensity λ :¼ N=H ¼ λ3dA.

Following Johnson and Schneebeli (1999) we define the element
size L as the mean distance between two neighboring elements in
the volume via NL3 ¼ AH. Thus the mean distance L between neigh-
boring elements in 3d space and the intensity of the 1d point process
are related by

λ ¼ A
L3

: ð2Þ

The total SMP force is the superposition of mechanical responses
of all elements in the volume V=AH and can be written as

FT zð Þ ¼ ∑
N

n¼1
F z−znð Þ; ð3Þ

where the single element contributions F(z) are characterized by (1)
and the random positions zn are drawn from a 1d Poisson point pro-
cess with intensity λ which is related to the average distance L be-
tween elements via Eq. (2).

The formal representation (3) reveals that our stochastic model of
the SMP signal can be regarded as a so called shot noise process (e.g.
Papoulis, 1984). Shot noise is usually employed to describe the fluctu-
ations in a time series due to the random arrivals of signal carriers
such as the emission of photons in a laser source. Due to the absence
of spatial correlations, many statistical properties can be calculated
analytically.

2.2. Distributions of rupture strengths

We make an additional generalization of the model by allowing
the rupture strength f to be a random variable itself. We assume
that f is statistically independent of the Poisson process and charac-
terized by a probability density ps(f). Averages over the strength dis-
tribution are denoted by 〈 •〉=∫df (•) ps(f).

We consider two different cases of strength distributions. First we
consider the deterministic case of uniform rupture strengths which
can be recovered by a Dirac distribution

p Dð Þ
s fð Þ ¼ δ f−f0ð Þ: ð4Þ

Second, we consider the more realistic case of fluctuating rupture
strengths. From a practical point of view any distribution restricted to
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Fig. 1. Schematic representation of the three basic structural parameters in SMP sig-
nals: structural element size L, rupture force f and deflection at rupture δ. (For interpre-
tation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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l Löwe and van
Herwijnen (2012)

in (Marshall and Johnson, 2009). In contrast, the signal inversion in-
troduced in the previous section can a priori be applied to all values
of parameters. This will be demonstrated below for element sizes
down to L=0.1 mm.

4. Simulations of model SMP signals

4.1. Simulations of shot noise processes

To provide some confidence for our analytical solution and test
our method of parameter estimation we first employ simulations
of shot noise processes as idealized SMP signals. If not stated oth-
erwise we use the true spatial resolution ε=4 μm of the SMP and
the effective cone area A=19.6 mm2 is fixed such that element
size and the intensity of the point process can always be related
by λ=A/L3.

We simulated a single realization of the shot noise process (3) on
a finite spatial domain of size H=50 mm for various parameter tri-
ples. The number of elements N in each realization was drawn from
a Poisson distribution with mean λH and the positions of the ele-
ments are independent, identically distributed random variables on
[0, H]. For each element the strength f0 is subsequently drawn from
the strength distributions (4),(5). For uniform rupture strengths we
conducted 128 simulations for all combinations of parameters taken
from f0=0.1, 0.2, 0.3, 0.4N, δ=0.1, 0.2, 0.3, 0.4 mm and λ=6, 9, 15,
27, 57, 157, 726, 19600 mm−1 (L≈0.1, 0.3, … 1.5 mm). For fluctuat-
ing rupture strengths the same values are used together with α=10.

A qualitative overview of the signal forms for uniform rupture
strengths and different values of L is given in Fig. 4. While for high
L=1.5 mm individual peaks of the ideal elastic–brittle response are
clearly visible, a low value of L=0.1 mm gives rise to an apparent
continuous signal. For comparability the signals have been normal-
ized by their mean and variance. The signals for fluctuating rupture
strengths are very similar.

The correctness of Eq. (7) is revealed by Fig. 5 for both probability
distributions, ps(D) from Eq. (4) in the case of uniform rupture
strengths and ps(G) from Eq. (5) in the case of a Gamma distributed
rupture strengths.

In addition we simulated 100 realization of a shot noise process
for λ=157 mm−1, δ=0.1 mm, f0=0.2 N on spatial domains of
length H=10 mm for different spatial resolutions ε=1, 4, 16 μm.
The resolution of the SMP corresponds to ε=4 μm. The results of
the covariance averaged over all realizations in the case of uniform
rupture strengths are plotted in Fig. 6. The exact result Eq. (10) is rea-
sonably well approached at higher spatial resolution. The same qual-
ity of convergence is attained for fluctuating rupture strengths.

4.2. Parameter estimation for shot noise processes

In a second step we test the recipe of parameter estimation intro-
duced in the previous section on the simulated shot noise signals. In
practice parameters are commonly estimated by applying moving
window to the SMP force signal. We therefore subdivided the
50 mm signals into non-overlapping intervals of size w=1, 5,
10 mm. For uniform rupture strengths the parameter estimates are
shown in Fig. 7. These results reveal the statistical limitations of sim-
ulated signals when analyzed in small windows and suggests that e.g.
the intensity λ of the shot noise process is generally overestimated, in
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Lien avec les variables physiques : Proksch et al. (2015)

Modèle statistique de ρ(smp) and l
(smp)
c

ρ(smp) = a1 + a2 ln f̃ + a3l ln f̃ + a4L

Pores de taille et de formes aléatoires⇒ SSA =
4 ∗ (1− ρ

ρice
)

lc︸ ︷︷ ︸
Debye et al. (1957)

SSA(smp) =
4 ∗ (1− ρ(smp)

ρice
)

c1 + c2 ln f̃ + c3L
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État de l’art
Campagne de mesures de terrain
Résultats

Résultats sur nos données : cas extrêmes
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Résultats sur nos données : précision sur l’ensemble

Masse volumique, RMSE = 61 kg m−3
SSA, RMSE= 12 m2 kg−1

Proksch et al. (2015) : ρ : 35.9 kg m−3, SSA : 3.69 m2 kg−1
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Références
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Humidité type de grains points RMSE ( kg m−3)

1 tous 178 47.6
>1 tous 139 67.5

toutes fins 226 41.2
toutes ronds 53 48

1 fins 167 41.7
>1 fins 59 37
>1 ronds 47 45

→ Plus précis sur les grains fins sec ou peu humides. Le grains
ronds sont souvent trop humides pour appliquer l’algorithme.
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SMP donne uniquement une estimation grossière de ρ avec
cette paramétrisation.

SSA non retrouvée sur nos données : besoin de le mesurer
avec les méthodes optiques standard.

→ Est-il possible d’améliorer l’estimation de la masse volumique ρ ?
→ Si oui, la haute résolution est-elle nécessaire ?

Premiers résultats : à f fixé, ρ diminue avec la SSA pour les grains
fins : augmentation avec la taille des grains
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Rémi GRANGER Stage de Master 2



21/25

Introduction
Analyse de BD-NIV et MEPRA

Interprétation des signaux de résistance à l’enfoncement
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avec les méthodes optiques standard.
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Conclusion

Résultats classiques : ρ corrélé principalement à f

SSA n’a pas été obtenue avec le SMP.

L’utilisation d’une variable représentant la notion de taille des
grains devrait améliorer les estimations de la masse volumique,
mais difficile à définir et mesurer.

La précision de l’interprétation du signal varie entre les
différents profils
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Proksch, M., Löwe, H., and Schneebeli, M. (2015). Density,
specific surface area and correlation length of snow measured by
high resolution penetrometry. Journal of geophysical research.
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Combinaison des mesure de SMP et de SSA pour
l’estimation de ρ

Tendances pour les grains fins :

ρ↔ ln(f )

ρ↔ −SSA ( ' taille)

Grains ronds
→ humidité ?
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